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Abstract. We presenthe designandimplementatiorof a Minesweepegame,
augmentedvith a digital assistantThe assistantusescontraintprogramming
techniqueso helptheplayer andis ableto playthegameby itself. It predictssafe
moves,andgivesprobabilisticinformationwhensafemovescannotbefound.

1 Intr oduction

The Minesweepegamehasbeenpopularfor several yearsnow. Part of its popularity
mightcomefrom its simplicity. A boardrepresentamine eld, with mineshiddenun-
derthesquaresThegameconsistdn nding the mineswithoutmakingthemexplode.
You getnew hintseachtime you uncover a non-minedsquareThough,the simplicity
doesnot make the gameeasy The Minesweepeproblemis hard:it hasbeenproven
NP-completdoy RichardKaye[1]. Sosimpletechniquesrenotenoughto soleit.

In this paperwe shov how the problemof nding safemovescan be modeled
as a ConstraintSatishiction Problem(CSP). Techniquedrom the eld of constraint
programmingcanbe usedto programa digital assistanfor a player We appliedthem
in arealapplicationthe Oz MinesweeperThis relatively smallprogramdemonstrates
the power of the programmindanguageOz.

Paper organization. Section2 recallsthe rulesof the game,and proposesa simple
mathematicamodelfor it. Section3 investigateshow constraintprogrammingtech-
niguescan be appliedin orderto solve the problemwith reasonablef ciency. Sec-
tion 4 thengivesan overview of theimplementatiorof the Oz MinesweeperSection5
evaluatesandquickly compare®urwork to othersimilar products.

2 The Gameasa Constraint SatisfactionProblem

Let usrecallthe rulesof the game.A mine eld is givento the playerasa rectangu-
lar board.Eachsquareon the boardmay hide at mostonemine. The total numberof

minesis known by the player A move consistsn uncoveringa squarelf the square
holds a mine, the mine explodesand the gameis over. Otherwise,a numberin the

squareindicateshow mary minesare held in the surroundingsquareswhich arethe

adjacensquaresn theeightdirectionsnorth,north-easteast south-eastsouth,south-
west,west,andnorth-west.The goal of the gameis to uncover all the squareghatdo

not holdamine.



1 2 3 45 6 7 8 9 10

1
=
161 [ %
1
%

2

© 00 N o 0o b~ W DN PP
(i5]

=
o

Fig. 1. An exampleof aboardwith 20 mines.

An exampleof aboardis givenin Fig. 1. Thisboardcontain®20 mines.Eachsquare
isidenti ed by its coordinatesrow column. Thesquareg1,1),(1,2),(1,3),(1,4),(2,1),
(2,2),(2,3),(2,4),(3,4),and(4,4) have alreadybeenplayed,andhave no minein their
respectie surroundingsquaresThe squareq1,5), (3,1), (3,2), (3,3), (4,3),and (4,5)
have beenplayed too,andaresurroundedy oneminedsquaresach.Thesquarg2,5),
(3,5),(5,4),and(5,5)eachhave two minesin theirneighborhoodwhile thesquarg5,3)
hasthreeminesaroundit. In thisexample theplayermightdeducerom (3,3)that(4,2)
is mined,andby (3,2)that(4,1)is asafemove.

Finding safemoves on the boardconsistsin solving the problemgiven by those
numbersn the squaresTheunknawn of the problemis the positionsof the mines.We
modelthis asa binary matrix thatrepresentthe mine eld, with oneentrypersquare.
Thevaluel meanghatthecorrespondingquaras mined,while 0 meansa safesquare.

X11 X12 Xin
X21 X22 X2n

Xm1 Xm2 Xmn

Fromnow on, x;j will alwaysdenotethe matrix entry correspondindo the squareat
position i j . The problemcan be written as linear equationsover the xjj's. In the
example wehave 20 mines( rst equatiorbelon), andtheplayedsquaresrenotmined
(secondequatiorbelon). The otherequationsaregivenby thenumbersn the squares.



Thecorrespondingquarecoordinategregivenontheleft of eachequation.

&ij 1 10X 20
X11 X2 X13 0

11 X2 X1 X2 O
12 X1 X3 X1 X2 X3 O

15 Xia Xig Xoa X5 X5 1

25 X4 Xi5 X6 Xo4 Xog X3s X35 Xzg 2

This binary modelof the gamede nesa CSR which we cansolveto nd hintsfor
theplayers next move. If we have all thesolutionsof the problem we canlook atwhat
is commonto all thosesolutions.For instancejf all solutionsgive x41 0, we know
thatthe squareat position 4 1 is asafemove.

But we even go furtherthanthis. Assumingthatall thosesolutionshave the same
probability, we cancomputethe expectedsolution,i.e., the meanof all solutions.This
givesusa probabilityfor eachsquareto be mined.In caseno safemove canbefound,
theplayermightusethis informationto choosets next move.

3 Propagation,Search, and Probabilities

We now presentspeci ¢ informationrelatedto the implementationof the inference
enginesEachof themprovidesawayto solvetheCSPde nedby thecurrentstateof the
game.Sections3.1and3.2 shavs two implementatiorbasedon constrainpropagation
only. Sections3.3and3.4 presentdwo solvers,andexplainshow their resultsareused
to computemine probabilities.

3.1 Simple Propagators

The simplestinferenceengineusesthe binary model of the Minesweepegame,and
poststhe propagatorghattrivially implementheconstraintof themodel. Weillustrate
this with the exampleshawn in Fig. 1. A quick sketchof the CSPis givenat theend
of Sect.2. All thoseconstraintanbe implementedwith the Oz propagatoirD.sum,
takinga list of FD variableswith domain0#1. For instancethe propagatoffor (2,5) is
createdoy a statemenltike

{FD.sum [X14 X15 X16 X24 X26 X34 X35 X36] "=~ 2}

Let usnow examinethe effect of thosepropagatorskor the sale of simplicity, we
assumehatthe“zero” constraintdik e (1,1) have beenpropagatedandwe simplify the



remainingconstraintsisingthe known values.The constraintare

15 X16 X26 1

25 X X Xz 2
45 X Xi 1
31 xq1 Xap 1 36 X46 Xs56

53 Xs2 Xs2 Xe2 Xe3 Xes 3
gg Xxjé sz 1 54 Xe3 Xea Xe5 2

55 X 2
35 Xos Xas Xag 2 Xa6 Xs6 Xe4 Xe5 Xee

The propagatofor (3,3) immediatelyinfersxs2 1, which meanghatwe have found
the position of a mine. This information allows propagatorg3,1) and (3,2) to infer
X410, while thepropagatof4,3)infersxs, 0.

The remainingpropagatorsannotinfer new constraintsand thuswait for more
informationto come.Still, moreinformationcanbe deducedrom thoseconstraints.
But the propagatorshatwe have consideredherecannotdo it, becausehey sharetoo
few informationwith eachother For instance propagator¢1,5) and(2,5) couldinfer
x3g 1if they weresharingxig X6 1 asabasicconstraintThisinsightleadsusto
animprovementin the propagatiorof the constraints.

43 X2 X2 1

3.2 The SetPropagators

We now shawv propagatorshatinfer informationaboutsetsof squareshencethename
“set” propagatorsWe continuewith the exampleshavn in Fig. 1. Let usassumehat
the simplepropagatorfiave determinedhe variablesasexplainedabove. We consider
theremainingconstraints
15 x X 1
16 720 53 Xa2 Xs2 Xe2 Xe3 Xea 3

25 X16 X286 X36 2

54 Xe3 Xea Xe5 2

35 X6 X Xao 2 55 Xs6 Xs6 Xea Xe5 Xes 2

45 Xz X6 Xs6 1

Remembethattheweaknes®f the simplepropagatorsvascomingfrom their unabil-
ity to shareinformationaboutsubtermdike x;5  X26. Consideffor instanceconstraint
(2,5).Theimprovedimplementatiorof thisconstrainwill actuallycreateasmary prop-
agatorsaspartitionsof the setof indices 16 26 36 .
For eachsubset of indices,we considerthe “set” variablex; de ned by
X ax
i
Thede nition of x; canbe implementedy a simplepropagatar\We cannow express
the constraint(2,5) asfollows. For eachpartition P I1 I of theindices,we
createonepropagatofor theconstraint

Xy X 2

n

whichis equialentto (2,5). We thushave propagatorsor

N

25C Xi15 X2636
25a X 16 X 26 X 36 2 25d

X26 X 1636
25b x 2
1626 36 25e X3 Xig2s 2

N
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Fig. 2. An examplefor search.

Notethat(2,5.a)hasthe sameeffect asthe simplepropagatofor (2,5).

Let usobsenetheeffect of thosepropagatorin theexample.Theimprovedpropa-
gatorsfor (1,5)infer x 1606 1, whichmakes(2,5.e)infer x 3¢ 1, giving Xzg 1.
The simple propagator(4,5) theninfersxss x5 0. The propagatiorof (3,5) and
(1,5)thengivesxys  1andx;g O.

3.3 A Binary Solver

As we saidin Sect.2, usefulinformationcanbe deducedrom the setof solutionsof
the Minesweepeproblem.Theissueis, thereusuallyaremanysolutions.Consideithe
boardin Fig. 2, with dimensionl0 10,andatotal of 20 mines.Foursquarehave been
played.The correspondingCSPhas3 33 108 solutions!Computingall solutionsis
simply impossible gxceptfor very smallboards.

Though,thatissuecan be addressedWe simply restrictthe problemto someof
its variables Eachsolutionof therestrictedproblemde nesa classof solutionsof the
full problent. In the example,only the variablesxio, X22, X23, X33, X41, Xa2, andx43
arerelevant. Theremainingunknovns canbe determineddy othersimplemeansThe
solutionsof therestrictedproblemaregivenin Table1l. If we considerthe solutions;
in the table,thereremains89 unknavns,out of which 17 mustbe mined. The number
of waysto choosel 7 elementut of 89is givenby thebinomial 23 . Thisis thesize
of the classof solutionsde ned by s;. We cannow computethe sumof the elements
in this class.For instancethe sumof the x12's is 0, becauséhey areall equalto 0. In
the sameway, the sumof the xzz'sis §5 . And thesumof thex;s'sis 35 17 89
Computingall restrictedsolutions,andsummingthemall, we obtaina probability for
eachsquareWethus nd thattheprobabilitythatx;, 1is0 318.

1 Theword“class”is usedwith themeaningpf “subset’here Thesubsetve consideiis actually
anequvalenceclassin the setof solutions.



solution s & B8 & & S Y 8 S
X2/ 0 0 0 1 1 1 1 1 1
X201 1 1 0 0 0 0 0 O
30 1 1 0 1 1 0 1 1
x33y 1 0 1 1 0 1 1 o0 1
X200 0 0 O O O 1 1 1
X200 0 0 1 1 1 0 0 O
31 1 0 1 1 0 1 1 O

classsize 17 37 17 T6 1o 16 1o 16 16

Table 1. Solutionsof therestrictechinary problem.

3.4 The SetSolver

The binary solver still computegoo mary solutions.In the example,onecanseethat
the problemhassymmetriesFor instance gachpermutationof the valuesof x»3, Xs3,
X43 in onesolutionleadsto anothersolution. This symmetrycomesfrom the factthat
X33 X43 2only.

thosethreevariablesareconstrainedy x,3

Theimprovedsolver reformulategshe CSPin termsof the setvariablesx; in order
to eliminatethosesymmetriesTaking all equationghatde ne the binary problem,it
computesa partition of the variables indices.Every subsetl in the partitionis such

that,for eachequationx; | or 0. Thesubsetsarechoserno

kin the problem,|

bemaximal sothatsymmetriesareeliminated.
The CSPof Fig. 2 is givenby

11
21
31
32

aj i
X11
X12
X11

X21
X21

1 10 Xij

X21

X21
X12
X22
X22

Thepartitionof theindicesis

P 11

X31

X22
X22
X32
X23

12 21 22

which givesthereformulatedoroblem

11
21
31
32

é| p X 20
X1 X21
X12 X2
X11 X112
X21 X2
X21 X2

20
X32

31

X 31

X 22
X 22
X 32
X 31

0

X32
X42
X33

32

J

X41 Xa2 %43 3

4142 233343 R

X 32 0

1

X3 Xz 1
X142 1

X 4142 X 233343 3



This problemhastwo solutions,givenin Table 2. Eachclassof solutionsis the prod-
uct of the possiblecombinationsof the set variablesof the reformulatedproblem.
Eachvaluationx, k has E solutions,wheren is the size of |. Thereforethe size
of eachclassis given by a productof binomials.The computationof the probabili-
tiesis similar to what the binary solver does.For instance the meanvalue of x4 is

Nt N2 Np N 0158879.

solution s;
X 12
X 22
X 4142

X 233343 2 N2
Xr|17 16

classsizgN; Ny

N

89
17

89
16

Ny

NOBr O
P O R
=1
OorR Rk
S =N
NwW N W

Table 2. Solutionsof thereformulatedoroblem.

The ef ciency is typically one order of magnitudefastercomparedo the binary
soler. Let usillustratethis with anexample.Figure3 shovs a snapshobf the applica-
tion'swindow. Thesquaregontaininga minehave beenmarkedwith a blackdisk. The
probabilitiesaredravnas lled rectanglesn thesquaresThemorearectanglas lled,
thegreatedhemineprobability A precisevalueof a probabilityis shavn in thebottom
right of thewindow whenthe playermovesits mousecursorover a givensquareThe
setsolver hascomputed6 solutionsto nd the probabilities,while the binary solver
would searcHor 246 solutionsfor the sameproblem!

[ The Oz Minesweeper T, [=][=][x=]
MNew Load Save Gluit
|1O ';I"ROWS |1O fjc(ﬂumns |20 “;'“Mines
1.37580e+09 solutions {computed: &)
T e O Qe autoplay

@ 7 mdd W Zero propagation
210 [ z @4 3 MOl i i i
el Az iEI_I:II:i - 31nary Constraints
102 3 2 2z 2 @@ OO|™ set Constraints
1see®:e:iQOO Search I
HE®LUE QUL yine probability
Djopggggogogd 0.117647
gogoogoooogl o
Dooojoooooo mO¢art

Fig. 3. A snapshoshaving probabilisticinformation.



4  Architecture of the Application

The generalarchitectureof the Oz Minesweepeis depictedin Fig. 4. Boxesreferto

concurrentagentgactive objects),while “Symbolic eld” and“Symbolic constraints”
are simply shareddata. Arrows from datato agents(resp.from agentsto data)cor-

respondto ask (resp.tell) operations Arrows betweenagentsrepresenmessagesr

procedurecalls. Theremoval of the component#n the dashedox givesanimplemen-
tationof thegamewithout digital assistance.

int%?firce : shav probabilities Solvers :

play ! |

| |

cane | e [ —
play : :
' [

Autoplayer prozp%rgator : Propagators :

Fig.4. Data ow diagramof the Oz Minesweeper

4.1 The Core Components

The centralpointin the applicationis the symbolic eld , which simply re ects thein-
formationknown aboutthe mine eld. The symbolic eld is basicallya matrix whose
entriescanbeeithersafe(K) ormine(X) . Thevaluesafe(K) meanghatthecorrespond-
ing squares not mined,andK givesthe numberof minesin the surroundingsquares.
NotethatK canbe unboundjf the squards known to be safe,but hasnot beenplayed
yet. Thevalueming(X) meanghatthe squareis mined,andX is boundto exploded if
theminehasexploded,i.e.,thegameis over.

The userinterfaceupdateghe boardby threadsthat synchronizeon the symbolic
eld. Forinstancejf anentryin the symbolic eld is safe(K) andK is unboundthe
squards markedwith adash*-”. This shavstheuserthatthis squards safe.As soon
askK is determinedits valueis shavn in the squarewhich becomesnactive. Whenthe
userclicks on a squarethe userinterfacecallsthe gameagentto play thatsquareThe
gameautomaticallytellstheresultin thesymbolic eld, whichwakesupthethreadthat
updateghe square.

4.2 The Zero Propagatorand Autoplayer

Thezeo propagator simply asksandtells informationin the symbolic eld. If asquare
hasno minesaroundit, which correspondo valuesafe(0) in the symbolic eld, the



surroundingsquaresare told to be safe.The codeof the propagatotis shavn below.

The symbolic eld appearsasthetuple SymField . The procedurewaitEnabled blocks
until the userenableghe propagatarThe samemechanisnis usedby all inference
enginesandallows to userto experimentwith them.The call to functionBoxI returns
thecoordinate®f all the squaresn aboxaroundsquare .

for | in 1.{width  SymField} do
thread
case SymField! of safe(0) then
{WaitEnabled}
for Jin {Boxl | 1} do SymFieldJ = safe() end
else skip end
end
end

Theautoplayemorksin asimilarway. Whenenabledit playsall thesquare&nown
to besafein thesymbolic eld. Sotheusercanletthevariousinferencesnginesliscover
safemoves,anddecidewhetherthey shouldbe playedautomatically

4.3 The Constraint InferenceEngines

Theconstaint collectorincrementallybuilds thesymbolicconstaints, alist of thecon-
straintsthat appeaiimplicitly in the symbolic eld. The inferenceenginesusingcon-
straintprogrammingsimply readthislist to getthe constraint®f thecurrentproblem A
constraintn thelist hastheformsum(ls  K), wherels is alist of squarecoordinatesand
K is anonngativeinteger. Its semanticss theequationd; |s i K. All theconstraints
in the Minesweepeproblemcanbewrittenin this way.

Boththesimpleandsetpropagatorseadthesymbolicconstraintandprogressiely
postsimplerpropagatorasexplainedin Sect.3. Thosepropagatorsre postedon lo-
cal binary constrainedsariablesandtold in the symbolic eld whendeterminedThe
translatiorfor eachsquards doneby a statemenlike

SymFieldl = case X. of 0 then safe() [ 1 then mine()) end

Recallthatthe setpropagatorffor anequationd; ;% k considersall partitionsof I,
andreformulatesheequatiorasx;, X, k. If I has8 elementgthetypicalcase
in the Minesweeper)we thus have 255 setvariablesand 4140 setequationsThose
numbersare greatly reducedby the actualimplementationwhich rst subtractshe
known x;'s, andthusonly considerghe coordinate®f the unknovn squares.

A searchwith a solver is triggeredby pushinga buttonin the userinterface.The
solver rst takestheknown partof thesymbolicconstraintdist, andsolvesthe problem
givenby thoseconstraintsln casenew safemovesor minepositionsarefound,they are
told to thesymbolic eld. Otherwisethe mineprobabilitiesareshovn ontheboard.

5 Evaluation and RelatedWork

The Oz Minesweepehasbeenentirely written in Mozart[2], andis only about1000
lineslong. Thedigital assistanis capabldo nd all thesafemovesin agivensituation.



The setpropagatomprovedto be effective at this task, it usually nds mostof them.
The solver rarely nds new moves,and providesmine probabilitiesinstead.lt leaves
the playerwith the toughiestdecision,involving a cost-bene tstratgy. An interesting
obsenation we have madeis that the proportionof mined squareshouldbe around
20%to make the gameinteresting A proportionlessthan20% makesthe problemtoo
easywhile morethan20% quickly makesthegameunplayable.

We have foundonly oneotherapplicationthatsolvesthe Minesweepeproblemand
computeghemineprobabilitiescalledTruf e-SwineKeeper{3]. It seemsf cient, but
we have foundtheinteractionwith the solver not aspracticalasthe Oz Minesweeper

History. The Oz Minesweepers bornsix yearsago.It startedasa studentwork, in a
seminaicourseon constrainprogrammingThegoalwasto studythis strangdanguage
Oz,andgive a presentatiomnit. | foundthatthe Minesweepewasa goodexampleof
aCSPin the“real world”. And | hacleda smallsolver thatwasplayingthegame.
Laterl rewroteit asademonstratioprogramandgaveit agraphicaluserinterface.
Only the simple propagatomwasimplementedIt alreadyimpressedjuite a lot of vis-
itors. The next stepwasthe ideaof the binary solver. | wrote severalimplementations
of it, notablyby hackinga specialsearchengine.l eventuallygot the ideaof solving
therestrictedproblem,andcameup with mine probabilities| rewrote everythingfrom
scratch Thehacledspecialsearctenginewentto thetrashcan.
Thelaststephappeneaneyearago.l understoodheissueof the symmetriesand
designedhe setsolver. The setpropagatowas designedwhile implementingthe set
soler. | reworked a bit the implementationandintegratedthe inferenceenginesn a
properway. | nally improvedthe userinterfacethe weekbeforesubmittingthis paper

6 Conclusion

We have designedandimplementedi Minesweepeapplicationwith a digital assistant.
The latter is basedon a simple mathematicamodel of the Minesweepeigame,and
varioustechniquesomingfrom the eld of constraintprogramminglt provedto be
effective, andis capableto infer every logical consequencef the problemto sole. It
computesnine probabilitieswithout computationaburden.

The simplicity and ef ciency of our applicationrelies on the languageOz and
the platform Mozart. The data ow concurreng, symbolicdata,andconstraintsystem
makesthe applications architecturenodularandelegant.
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